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Incompatibility of observables, or measurements, is one of the key features of quantum mechanics,
related, among other concepts, to Heisenberg’s uncertainty relations and Bell nonlocality. In this
manuscript we show, however, that even though incompatible measurements are necessary for the
violation of any Bell inequality, some relevant Bell-like inequalities may be obtained if compatibility
relations are assumed between the local measurements of one (or more) of the parties. Hence,
compatibility of measurements is not necessarily a drawback and may, however, be useful for the
detection of Bell nonlocality and device-independent certification of entanglement.
I. INTRODUCTION
Quantum theory is fundamentally distinct from any
classical theory of physics, a fact that is well known
and accepted nowadays. Even though there is no con-
sensus regarding a physical principle that explains such
departure, the distinction between quantum and classi-
cal mechanics is clear at the level of their mathematical
formalisms. For instance, two of the most interesting
nonclassical features present in quantum theory are en-
tanglement and incompatibility between measurements.
The fact that there are measurements, or observables,
that are incompatible, which can not be jointly treated as
one observable within quantum theory, is one of the key
ingredients behind some of the most astonishing phenom-
ena related to nonclassicality, such as Bell nonlocality
[1, 2] and Bell-Kochen-Specker contextuality [3, 4]. Both
arose from investigations regarding the completeness of
quantum theory [5] and are related to stronger-than-
classical correlations between outcomes of measurements
performed on quantum systems. The theory of Bell non-
locality and the theory of Bell-Kochen-Specker contex-
tuality, though, have been developed independently, in a
sense, and each presents its own particular features. In
this manuscript we focus our attention on the former, al-
though the reader may notice that there will be elements
of the latter.
The paradigmatic example of Bell nonlocality of quan-
tum systems takes place in a bipartite measurement sce-
nario, where two characters, Alice and Bob, are able to
choose between two possible dichotomic measurements
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to perform on their respective share of a previously pre-
pared joint system. Denoting by Ax ∈ {±1} the outcome
of measurement x ∈ {0, 1} of Alice, and by By ∈ {±1}
the outcome of measurement y ∈ {0, 1} of Bob, any so-
called local hidden variable (LHV) theory of joint prob-
abilities that govern the behavior of the measurement
devices will lead to mean values that necessarily obey
the Clauser-Horne-Shimony-Holt (CHSH) [6] inequality
〈A0(B0 +B1) +A1(B0 −B1)〉 ≤ 2. (1)
If the measurements are performed on quantum systems,
however, then the inequality does not need to be re-
spected, and a violation of up to the value of 2
√
2 may
be observed [7]. This shows that quantum theory is in-
compatible with LHV theories, an observation first made
by Bell [1].
Two necessary conditions for Bell nonlocality to mani-
fest in quantum systems are (i) entanglement, in the state
of the shared system; and (ii) incompatibility between
the measurements, in each party. Curiously, neither (i)
[8] nor (ii) [9] is a sufficient condition. Regarding (i),
it became an important question in the field (for both
fundamental and practical reasons) to identify which en-
tangled states could ultimately lead to Bell nonlocality.
On one hand, there has been an effort to obtain exam-
ples of local entangled states, those that never lead to
nonlocal correlations [10–14]. On the other hand, several
nonstandard measurement scenarios have been proposed
where even local entangled states can lead to Bell nonlo-
cality, and concepts like hidden-nonlocality [15–19] and
activation of nonlocality [20–23] have been defined.
In this manuscript we propose a measurement scenario
where we explicitly assume the existence of subsets of
compatible measurements for (at least) one of the par-
ties. We show how this assumption drastically changes
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2the measurement scenario and leads to a range of Bell-like
inequalities that are potential tools to improve on con-
dition (i), leading to examples of entangled states that
have not been known to be nonlocal. We present an ex-
ample, in one of the simplest scenarios of this approach,
where, without the compatibility assumption, the only
relevant Bell inequality is CHSH [24], and, with the com-
patibility assumption, 26 Bell-like inequalities arise. We
explicitly show that one of these inequalities reveals Bell
nonlocality in two families of quantum states for regions
of parameters where the CHSH inequality is not violated.
Also, there is numerical evidence that, in part of this re-
gion, the states of one of such families do not violate the
I3322 inequality [25] either.
In addition to revealing the nonlocality of quantum
states that would not be displayed in standard Bell
scenarios, multipartite measurement scenarios with lo-
cal compatible measurements are interesting for both
fundamental and practical reasons: fundamentally, be-
cause these are the scenarios that are suitable for the
joint study and observation of Bell nonlocality and Bell-
Kochen-Specker contextuality; practically, because, in
some particular cases (as in the example we present),
the compatibility relations can be implemented in a
device-independent manner, and so such scenarios may
be useful for the implementation of stronger device-
independent information processing protocols, such as
device-independent certification of entanglement, as in
the example we present.
II. THE SCENARIO
Consider a scenario where two parties, Alice and Bob,
are able to perform different measurements on their sub-
systems of a shared physical system. The measurements
are implemented by black-boxes, of which only classical
inputs and outputs are available to the users. The in-
puts and outputs of Alice’s box are labeled x ∈ X and
a ∈ A, respectively, and the inputs and outputs of Bob’s
box are labeled y ∈ Y and b ∈ B, respectively. Since
the users do not have access to the inner workings of the
measurement devices, but only to their classical inputs
and outputs, the best description of the experiment is
given by the joint probabilities p(a, b|x, y) of the parties
to observe outputs a and b, on the condition that inputs
x and y are chosen, respectively. The collection of prob-
abilities p(a, b|x, y) for all a ∈ A, b ∈ B, x ∈ X , y ∈ Y
is referred as the behavior or the empirical model of the
box, and will be denoted p.
A behavior is said to be no-signalling if the choice of
input of one of the parties cannot influence the marginal
probability distribution of outcomes of the other, i.e., it
satisfies the following no-signalling conditions:
p(a|x) =
∑
b
p(a, b|x, y) =
∑
b
p(a, b|x, y′), (2a)
p(b|y) =
∑
a
p(a, b|x, y) =
∑
a
p(a, b|x′, y). (2b)
More restrictedly, a behavior is said to be local if there
exist a variable λ, a probability distribution q(λ), and
probability distributions p(a|x, λ) and p(b|y, λ) such that
p(a, b|x, y) =
∑
λ
q(λ)p(a|x, λ)p(b|y, λ). (3)
It can be shown that the probability distributions
p(a|x, λ) and p(b|y, λ) can be made deterministic with-
out loss of generality.
If the boxes perform measurements on quantum sys-
tems, then the probabilities are given by Born’s rule:
p(a, b|x, y) = tr (ρPa|x ⊗Qb|y) , (4)
where ρ is the density operator that describes the state
of the joint system while Pa|x and Qb|y are, in general,
POVM effects. It is well known that, in Bell scenarios,
the set of local behaviors is strictly contained in the set
of quantum behaviors, which, in its turn, is strictly con-
tained in the set of no-signalling behaviors.
Now, consider the single black box of Bob, with in-
puts y ∈ Y, and outputs b ∈ B. Suppose, however, that
some measurements are compatible, and that each set of
compatible measurements defines a context, y ⊂ Y – sans
serif types refer to labels that represent ordered tuples
of the corresponding serif labels, e. g., y = (yi, . . . , yj),
b = (bk, . . . , bl). Let C = {y} denote the set of possible
contexts of the scenario; it is usual to represent this set by
means of the compatibility hypergraph G = (V,E), where
each measurement is associated to a vertex v ∈ V and
each context associated to a hyperedge e ∈ E. In par-
ticular, in scenarios where the contexts have cardinality
2, G will take the form of a regular graph. Compati-
ble measurements can be jointly performed, and a joint
probability distribution of the outcomes can be defined.
Let b denote the ordered outcomes of the measurements
in a context y. Then, the behavior of this single box is
best described by the probabilities p(b|y). Noting that
an individual measurement can appear in more than one
context, it is usual to assume that the marginal behavior
of each individual measurement y ∈ Y to be well defined,
regardless of the context. This leads to the so-called no-
disturbance conditions:
p(b|y) =
∑
b/b
p(b|y) =
∑
b/b
p(b|y′), (5)
where b/b denotes all labels in b except b, for all b in B,
for all y ∈ Y, and for all y, y′ ∈ C such that y ∈ y ∩ y′.
Suppose, now, a bipartite scenario, as considered previ-
ously, but let Bob be able to perform joint measurements
3according to given compatibility rules that lead to a set
of contexts C. We refer to this scenario as a Bell scenario
extended with compatible measurements, or extended Bell
scenario, for short. Then, the joint behavior of the boxes
will be given by probabilities p(a, b|x, y), for all a ∈ A,
b ∈ B|y|, x ∈ X and y ∈ C. We assume the behavior
to be no-signalling, and the marginal, local behavior of
Bob’s box to obey the no-disturbance conditions. This
measurement scenario is illustrated in the lower panel of
Fig. 1.
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<latexit sha1_base64="YLdQkya+naV xUAi3FNC6UABTzmQ=">AAACD3icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoKcQ8OIxAa NCdgmzk95kyMzsMtOrhDVf4EnQb/EmXv0EP8Wbk5iDr4KGoqqb7q44k8Ki7797pYX FpeWV8mplbX1jc6u6vXNp09xw6PBUpuY6Zhak0NBBgRKuMwNMxRKu4tHZ1L+6AWN Fqi9wnEGk2ECLRHCGTmrHvWrNr/sz0L8kmJMamaPVq36E/ZTnCjRyyaztBn6GUcEM Ci5hUglzCxnjIzaArqOaKbBRMTt0Qg+c0qdJalxppDP1+0TBlLVjFbtOxXBof3tT8 T+vm2NyGhVCZzmC5l+LklxSTOn0a9oXBjjKsSOMG+FupXzIDOPosqmEGm55qhTT/S IcAU66QVSEEhK8o7WAhkYMhtiYuKyC38n8JZdH9cCvB+3jWrMxT61M9sg+OSQBOSF Nck5apEM4AXJPHsmT9+A9ey/e61dryZvP7JIf8N4+AXJ2nJk=</latexit><latexit sha1_base64="YLdQkya+naV xUAi3FNC6UABTzmQ=">AAACD3icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoKcQ8OIxAa NCdgmzk95kyMzsMtOrhDVf4EnQb/EmXv0EP8Wbk5iDr4KGoqqb7q44k8Ki7797pYX FpeWV8mplbX1jc6u6vXNp09xw6PBUpuY6Zhak0NBBgRKuMwNMxRKu4tHZ1L+6AWN Fqi9wnEGk2ECLRHCGTmrHvWrNr/sz0L8kmJMamaPVq36E/ZTnCjRyyaztBn6GUcEM Ci5hUglzCxnjIzaArqOaKbBRMTt0Qg+c0qdJalxppDP1+0TBlLVjFbtOxXBof3tT8 T+vm2NyGhVCZzmC5l+LklxSTOn0a9oXBjjKsSOMG+FupXzIDOPosqmEGm55qhTT/S IcAU66QVSEEhK8o7WAhkYMhtiYuKyC38n8JZdH9cCvB+3jWrMxT61M9sg+OSQBOSF Nck5apEM4AXJPHsmT9+A9ey/e61dryZvP7JIf8N4+AXJ2nJk=</latexit><latexit sha1_base64="YLdQkya+naV xUAi3FNC6UABTzmQ=">AAACD3icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoKcQ8OIxAa NCdgmzk95kyMzsMtOrhDVf4EnQb/EmXv0EP8Wbk5iDr4KGoqqb7q44k8Ki7797pYX FpeWV8mplbX1jc6u6vXNp09xw6PBUpuY6Zhak0NBBgRKuMwNMxRKu4tHZ1L+6AWN Fqi9wnEGk2ECLRHCGTmrHvWrNr/sz0L8kmJMamaPVq36E/ZTnCjRyyaztBn6GUcEM Ci5hUglzCxnjIzaArqOaKbBRMTt0Qg+c0qdJalxppDP1+0TBlLVjFbtOxXBof3tT8 T+vm2NyGhVCZzmC5l+LklxSTOn0a9oXBjjKsSOMG+FupXzIDOPosqmEGm55qhTT/S IcAU66QVSEEhK8o7WAhkYMhtiYuKyC38n8JZdH9cCvB+3jWrMxT61M9sg+OSQBOSF Nck5apEM4AXJPHsmT9+A9ey/e61dryZvP7JIf8N4+AXJ2nJk=</latexit><latexit sha1_base64="YLdQkya+naV xUAi3FNC6UABTzmQ=">AAACD3icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoKcQ8OIxAa NCdgmzk95kyMzsMtOrhDVf4EnQb/EmXv0EP8Wbk5iDr4KGoqqb7q44k8Ki7797pYX FpeWV8mplbX1jc6u6vXNp09xw6PBUpuY6Zhak0NBBgRKuMwNMxRKu4tHZ1L+6AWN Fqi9wnEGk2ECLRHCGTmrHvWrNr/sz0L8kmJMamaPVq36E/ZTnCjRyyaztBn6GUcEM Ci5hUglzCxnjIzaArqOaKbBRMTt0Qg+c0qdJalxppDP1+0TBlLVjFbtOxXBof3tT8 T+vm2NyGhVCZzmC5l+LklxSTOn0a9oXBjjKsSOMG+FupXzIDOPosqmEGm55qhTT/S IcAU66QVSEEhK8o7WAhkYMhtiYuKyC38n8JZdH9cCvB+3jWrMxT61M9sg+OSQBOSF Nck5apEM4AXJPHsmT9+A9ey/e61dryZvP7JIf8N4+AXJ2nJk=</latexit>
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<latexit sha1_bas e64="oZekBHvdCNVf0/0QlACwa3erVFg =">AAACD3icbVDLSgNBEJz1GeMr6tHLYB A8hV0R9CSCF48JmETILjI76U2GzMwuM7 1qWPMFngT9Fm/i1U/wU7w5eRx8FTQUVd 10d8WZFBZ9/8Obm19YXFourZRX19Y3Nit b2y2b5oZDk6cyNVcxsyCFhiYKlHCVGWA qltCOB+djv30DxopUX+Iwg0ixnhaJ4Ayd 1Li7rlT9mj8B/UuCGamSGerXlc+wm/Jc gUYumbWdwM8wKphBwSWMymFuIWN8wHrQ cVQzBTYqJoeO6L5TujRJjSuNdKJ+nyiYs naoYtepGPbtb28s/ud1ckxOokLoLEfQf LooySXFlI6/pl1hgKMcOsK4Ee5WyvvMMI 4um3Ko4ZanSjHdLcIB4KgTREUoIcF7Wg 1oaESvj6cjl1XwO5m/pHVYC/xa0Diqnp3 OUiuRXbJHDkhAjskZuSB10iScAHkgT+T Ze/RevFfvbdo6581mdsgPeO9flyicrw= =</latexit><latexit sha1_bas e64="oZekBHvdCNVf0/0QlACwa3erVFg =">AAACD3icbVDLSgNBEJz1GeMr6tHLYB A8hV0R9CSCF48JmETILjI76U2GzMwuM7 1qWPMFngT9Fm/i1U/wU7w5eRx8FTQUVd 10d8WZFBZ9/8Obm19YXFourZRX19Y3Nit b2y2b5oZDk6cyNVcxsyCFhiYKlHCVGWA qltCOB+djv30DxopUX+Iwg0ixnhaJ4Ayd 1Li7rlT9mj8B/UuCGamSGerXlc+wm/Jc gUYumbWdwM8wKphBwSWMymFuIWN8wHrQ cVQzBTYqJoeO6L5TujRJjSuNdKJ+nyiYs naoYtepGPbtb28s/ud1ckxOokLoLEfQf LooySXFlI6/pl1hgKMcOsK4Ee5WyvvMMI 4um3Ko4ZanSjHdLcIB4KgTREUoIcF7Wg 1oaESvj6cjl1XwO5m/pHVYC/xa0Diqnp3 OUiuRXbJHDkhAjskZuSB10iScAHkgT+T Ze/RevFfvbdo6581mdsgPeO9flyicrw= =</latexit><latexit sha1_bas e64="oZekBHvdCNVf0/0QlACwa3erVFg =">AAACD3icbVDLSgNBEJz1GeMr6tHLYB A8hV0R9CSCF48JmETILjI76U2GzMwuM7 1qWPMFngT9Fm/i1U/wU7w5eRx8FTQUVd 10d8WZFBZ9/8Obm19YXFourZRX19Y3Nit b2y2b5oZDk6cyNVcxsyCFhiYKlHCVGWA qltCOB+djv30DxopUX+Iwg0ixnhaJ4Ayd 1Li7rlT9mj8B/UuCGamSGerXlc+wm/Jc gUYumbWdwM8wKphBwSWMymFuIWN8wHrQ cVQzBTYqJoeO6L5TujRJjSuNdKJ+nyiYs naoYtepGPbtb28s/ud1ckxOokLoLEfQf LooySXFlI6/pl1hgKMcOsK4Ee5WyvvMMI 4um3Ko4ZanSjHdLcIB4KgTREUoIcF7Wg 1oaESvj6cjl1XwO5m/pHVYC/xa0Diqnp3 OUiuRXbJHDkhAjskZuSB10iScAHkgT+T Ze/RevFfvbdo6581mdsgPeO9flyicrw= =</latexit><latexit sha1_bas e64="oZekBHvdCNVf0/0QlACwa3erVFg =">AAACD3icbVDLSgNBEJz1GeMr6tHLYB A8hV0R9CSCF48JmETILjI76U2GzMwuM7 1qWPMFngT9Fm/i1U/wU7w5eRx8FTQUVd 10d8WZFBZ9/8Obm19YXFourZRX19Y3Nit b2y2b5oZDk6cyNVcxsyCFhiYKlHCVGWA qltCOB+djv30DxopUX+Iwg0ixnhaJ4Ayd 1Li7rlT9mj8B/UuCGamSGerXlc+wm/Jc gUYumbWdwM8wKphBwSWMymFuIWN8wHrQ cVQzBTYqJoeO6L5TujRJjSuNdKJ+nyiYs naoYtepGPbtb28s/ud1ckxOokLoLEfQf LooySXFlI6/pl1hgKMcOsK4Ee5WyvvMMI 4um3Ko4ZanSjHdLcIB4KgTREUoIcF7Wg 1oaESvj6cjl1XwO5m/pHVYC/xa0Diqnp3 OUiuRXbJHDkhAjskZuSB10iScAHkgT+T Ze/RevFfvbdo6581mdsgPeO9flyicrw= =</latexit>
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<latexit sha1_base64="0J9XwJtmXXu GcT9aLQcldkAj8ss=">AAACD3icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoKcQ8OIxAa NCdgmzk95kyMzsMtOrhDVf4EnQb/EmXv0EP8Wbk5iDr4KGoqqb7q44k8Ki7797pYX FpeWV8mplbX1jc6u6vXNp09xw6PBUpuY6Zhak0NBBgRKuMwNMxRKu4tHZ1L+6AWN Fqi9wnEGk2ECLRHCGTmqPe9WaX/dnoH9JMCc1MkerV/0I+ynPFWjkklnbDfwMo4IZ FFzCpBLmFjLGR2wAXUc1U2CjYnbohB44pU+T1LjSSGfq94mCKWvHKnadiuHQ/vam4 n9eN8fkNCqEznIEzb8WJbmkmNLp17QvDHCUY0cYN8LdSvmQGcbRZVMJNdzyVCmm+0 U4Apx0g6gIJSR4R2sBDY0YDLExcVkFv5P5Sy6P6oFfD9rHtWZjnlqZ7JF9ckgCckK a5Jy0SIdwAuSePJIn78F79l6816/Wkjef2SU/4L19ApjTnLA=</latexit><latexit sha1_base64="0J9XwJtmXXu GcT9aLQcldkAj8ss=">AAACD3icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoKcQ8OIxAa NCdgmzk95kyMzsMtOrhDVf4EnQb/EmXv0EP8Wbk5iDr4KGoqqb7q44k8Ki7797pYX FpeWV8mplbX1jc6u6vXNp09xw6PBUpuY6Zhak0NBBgRKuMwNMxRKu4tHZ1L+6AWN Fqi9wnEGk2ECLRHCGTmqPe9WaX/dnoH9JMCc1MkerV/0I+ynPFWjkklnbDfwMo4IZ FFzCpBLmFjLGR2wAXUc1U2CjYnbohB44pU+T1LjSSGfq94mCKWvHKnadiuHQ/vam4 n9eN8fkNCqEznIEzb8WJbmkmNLp17QvDHCUY0cYN8LdSvmQGcbRZVMJNdzyVCmm+0 U4Apx0g6gIJSR4R2sBDY0YDLExcVkFv5P5Sy6P6oFfD9rHtWZjnlqZ7JF9ckgCckK a5Jy0SIdwAuSePJIn78F79l6816/Wkjef2SU/4L19ApjTnLA=</latexit><latexit sha1_base64="0J9XwJtmXXu GcT9aLQcldkAj8ss=">AAACD3icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoKcQ8OIxAa NCdgmzk95kyMzsMtOrhDVf4EnQb/EmXv0EP8Wbk5iDr4KGoqqb7q44k8Ki7797pYX FpeWV8mplbX1jc6u6vXNp09xw6PBUpuY6Zhak0NBBgRKuMwNMxRKu4tHZ1L+6AWN Fqi9wnEGk2ECLRHCGTmqPe9WaX/dnoH9JMCc1MkerV/0I+ynPFWjkklnbDfwMo4IZ FFzCpBLmFjLGR2wAXUc1U2CjYnbohB44pU+T1LjSSGfq94mCKWvHKnadiuHQ/vam4 n9eN8fkNCqEznIEzb8WJbmkmNLp17QvDHCUY0cYN8LdSvmQGcbRZVMJNdzyVCmm+0 U4Apx0g6gIJSR4R2sBDY0YDLExcVkFv5P5Sy6P6oFfD9rHtWZjnlqZ7JF9ckgCckK a5Jy0SIdwAuSePJIn78F79l6816/Wkjef2SU/4L19ApjTnLA=</latexit><latexit sha1_base64="0J9XwJtmXXu GcT9aLQcldkAj8ss=">AAACD3icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoKcQ8OIxAa NCdgmzk95kyMzsMtOrhDVf4EnQb/EmXv0EP8Wbk5iDr4KGoqqb7q44k8Ki7797pYX FpeWV8mplbX1jc6u6vXNp09xw6PBUpuY6Zhak0NBBgRKuMwNMxRKu4tHZ1L+6AWN Fqi9wnEGk2ECLRHCGTmqPe9WaX/dnoH9JMCc1MkerV/0I+ynPFWjkklnbDfwMo4IZ FFzCpBLmFjLGR2wAXUc1U2CjYnbohB44pU+T1LjSSGfq94mCKWvHKnadiuHQ/vam4 n9eN8fkNCqEznIEzb8WJbmkmNLp17QvDHCUY0cYN8LdSvmQGcbRZVMJNdzyVCmm+0 U4Apx0g6gIJSR4R2sBDY0YDLExcVkFv5P5Sy6P6oFfD9rHtWZjnlqZ7JF9ckgCckK a5Jy0SIdwAuSePJIn78F79l6816/Wkjef2SU/4L19ApjTnLA=</latexit>
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<latexit sha1_base64="LtwTmB+kABW UFZWLL6jUYRT9vn0=">AAACEnicbVBNS8NAEN34WetX1aOXxSB6KokIehLBi8cKtg pNkM120i7d3YTdiVJi/4InQX+LN/HqH/CneDNpc/DrwcDjvRlm5kWpFBY978OZmZ2 bX1isLdWXV1bX1hsbmx2bZIZDmycyMdcRsyCFhjYKlHCdGmAqknAVDc9K/+oWjBW JvsRRCqFifS1iwRmW0ijfG980XK/pTUD/Er8iLqnQuml8Br2EZwo0csms7fpeimHO DAouYVwPMgsp40PWh25BNVNgw3xy65juFkqPxokpSiOdqN8ncqasHamo6FQMB/a3V 4r/ed0M4+MwFzrNEDSfLoozSTGh5eO0JwxwlKOCMG5EcSvlA2YYxyKeeqDhjidKMd 3LgyHguOuHeSAhxnvq+jQwoj/AkzIr/3cyf0nnoOl7Tf/i0D09qVKrkW2yQ/aJT47 IKTknLdImnAzIA3kiz86j8+K8Om/T1hmnmtkiP+C8fwHpVZ3t</latexit><latexit sha1_base64="LtwTmB+kABW UFZWLL6jUYRT9vn0=">AAACEnicbVBNS8NAEN34WetX1aOXxSB6KokIehLBi8cKtg pNkM120i7d3YTdiVJi/4InQX+LN/HqH/CneDNpc/DrwcDjvRlm5kWpFBY978OZmZ2 bX1isLdWXV1bX1hsbmx2bZIZDmycyMdcRsyCFhjYKlHCdGmAqknAVDc9K/+oWjBW JvsRRCqFifS1iwRmW0ijfG980XK/pTUD/Er8iLqnQuml8Br2EZwo0csms7fpeimHO DAouYVwPMgsp40PWh25BNVNgw3xy65juFkqPxokpSiOdqN8ncqasHamo6FQMB/a3V 4r/ed0M4+MwFzrNEDSfLoozSTGh5eO0JwxwlKOCMG5EcSvlA2YYxyKeeqDhjidKMd 3LgyHguOuHeSAhxnvq+jQwoj/AkzIr/3cyf0nnoOl7Tf/i0D09qVKrkW2yQ/aJT47 IKTknLdImnAzIA3kiz86j8+K8Om/T1hmnmtkiP+C8fwHpVZ3t</latexit><latexit sha1_base64="LtwTmB+kABW UFZWLL6jUYRT9vn0=">AAACEnicbVBNS8NAEN34WetX1aOXxSB6KokIehLBi8cKtg pNkM120i7d3YTdiVJi/4InQX+LN/HqH/CneDNpc/DrwcDjvRlm5kWpFBY978OZmZ2 bX1isLdWXV1bX1hsbmx2bZIZDmycyMdcRsyCFhjYKlHCdGmAqknAVDc9K/+oWjBW JvsRRCqFifS1iwRmW0ijfG980XK/pTUD/Er8iLqnQuml8Br2EZwo0csms7fpeimHO DAouYVwPMgsp40PWh25BNVNgw3xy65juFkqPxokpSiOdqN8ncqasHamo6FQMB/a3V 4r/ed0M4+MwFzrNEDSfLoozSTGh5eO0JwxwlKOCMG5EcSvlA2YYxyKeeqDhjidKMd 3LgyHguOuHeSAhxnvq+jQwoj/AkzIr/3cyf0nnoOl7Tf/i0D09qVKrkW2yQ/aJT47 IKTknLdImnAzIA3kiz86j8+K8Om/T1hmnmtkiP+C8fwHpVZ3t</latexit><latexit sha1_base64="LtwTmB+kABW UFZWLL6jUYRT9vn0=">AAACEnicbVBNS8NAEN34WetX1aOXxSB6KokIehLBi8cKtg pNkM120i7d3YTdiVJi/4InQX+LN/HqH/CneDNpc/DrwcDjvRlm5kWpFBY978OZmZ2 bX1isLdWXV1bX1hsbmx2bZIZDmycyMdcRsyCFhjYKlHCdGmAqknAVDc9K/+oWjBW JvsRRCqFifS1iwRmW0ijfG980XK/pTUD/Er8iLqnQuml8Br2EZwo0csms7fpeimHO DAouYVwPMgsp40PWh25BNVNgw3xy65juFkqPxokpSiOdqN8ncqasHamo6FQMB/a3V 4r/ed0M4+MwFzrNEDSfLoozSTGh5eO0JwxwlKOCMG5EcSvlA2YYxyKeeqDhjidKMd 3LgyHguOuHeSAhxnvq+jQwoj/AkzIr/3cyf0nnoOl7Tf/i0D09qVKrkW2yQ/aJT47 IKTknLdImnAzIA3kiz86j8+K8Om/T1hmnmtkiP+C8fwHpVZ3t</latexit>
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<latexit sha1_base64="GgBHXDMweLc rpsUgePnIIMyT2UY=">AAACEHicbVDLSgNBEJz1bXxFPXoZDKKnsCuCnoLgxaOK0U B2CbOT3mTIzOwy06uENX/gSdBv8SZe/QM/xZuTmIMmFjQUVd10d8WZFBZ9/9ObmZ2 bX1hcWi6trK6tb5Q3t25smhsOdZ7K1DRiZkEKDXUUKKGRGWAqlnAb986G/u0dGCt SfY39DCLFOlokgjN00lW83ypX/Ko/Ap0mwZhUyBgXrfJX2E55rkAjl8zaZuBnGBXM oOASBqUwt5Ax3mMdaDqqmQIbFaNLB3TPKW2apMaVRjpSf08UTFnbV7HrVAy7dtIbi v95zRyTk6gQOssRNP9ZlOSSYkqHb9O2MMBR9h1h3Ah3K+VdZhhHF04p1HDPU6WYbh dhD3DQDKIilJDgA60ENDSi08XawGUVTCYzTW4Oq4FfDS6PKqe1cWpLZIfskgMSkGN ySs7JBakTThLySJ7Ji/fkvXpv3vtP64w3ntkmf+B9fAPY8JzK</latexit><latexit sha1_base64="GgBHXDMweLc rpsUgePnIIMyT2UY=">AAACEHicbVDLSgNBEJz1bXxFPXoZDKKnsCuCnoLgxaOK0U B2CbOT3mTIzOwy06uENX/gSdBv8SZe/QM/xZuTmIMmFjQUVd10d8WZFBZ9/9ObmZ2 bX1hcWi6trK6tb5Q3t25smhsOdZ7K1DRiZkEKDXUUKKGRGWAqlnAb986G/u0dGCt SfY39DCLFOlokgjN00lW83ypX/Ko/Ap0mwZhUyBgXrfJX2E55rkAjl8zaZuBnGBXM oOASBqUwt5Ax3mMdaDqqmQIbFaNLB3TPKW2apMaVRjpSf08UTFnbV7HrVAy7dtIbi v95zRyTk6gQOssRNP9ZlOSSYkqHb9O2MMBR9h1h3Ah3K+VdZhhHF04p1HDPU6WYbh dhD3DQDKIilJDgA60ENDSi08XawGUVTCYzTW4Oq4FfDS6PKqe1cWpLZIfskgMSkGN ySs7JBakTThLySJ7Ji/fkvXpv3vtP64w3ntkmf+B9fAPY8JzK</latexit><latexit sha1_base64="GgBHXDMweLc rpsUgePnIIMyT2UY=">AAACEHicbVDLSgNBEJz1bXxFPXoZDKKnsCuCnoLgxaOK0U B2CbOT3mTIzOwy06uENX/gSdBv8SZe/QM/xZuTmIMmFjQUVd10d8WZFBZ9/9ObmZ2 bX1hcWi6trK6tb5Q3t25smhsOdZ7K1DRiZkEKDXUUKKGRGWAqlnAb986G/u0dGCt SfY39DCLFOlokgjN00lW83ypX/Ko/Ap0mwZhUyBgXrfJX2E55rkAjl8zaZuBnGBXM oOASBqUwt5Ax3mMdaDqqmQIbFaNLB3TPKW2apMaVRjpSf08UTFnbV7HrVAy7dtIbi v95zRyTk6gQOssRNP9ZlOSSYkqHb9O2MMBR9h1h3Ah3K+VdZhhHF04p1HDPU6WYbh dhD3DQDKIilJDgA60ENDSi08XawGUVTCYzTW4Oq4FfDS6PKqe1cWpLZIfskgMSkGN ySs7JBakTThLySJ7Ji/fkvXpv3vtP64w3ntkmf+B9fAPY8JzK</latexit><latexit sha1_base64="GgBHXDMweLc rpsUgePnIIMyT2UY=">AAACEHicbVDLSgNBEJz1bXxFPXoZDKKnsCuCnoLgxaOK0U B2CbOT3mTIzOwy06uENX/gSdBv8SZe/QM/xZuTmIMmFjQUVd10d8WZFBZ9/9ObmZ2 bX1hcWi6trK6tb5Q3t25smhsOdZ7K1DRiZkEKDXUUKKGRGWAqlnAb986G/u0dGCt SfY39DCLFOlokgjN00lW83ypX/Ko/Ap0mwZhUyBgXrfJX2E55rkAjl8zaZuBnGBXM oOASBqUwt5Ax3mMdaDqqmQIbFaNLB3TPKW2apMaVRjpSf08UTFnbV7HrVAy7dtIbi v95zRyTk6gQOssRNP9ZlOSSYkqHb9O2MMBR9h1h3Ah3K+VdZhhHF04p1HDPU6WYbh dhD3DQDKIilJDgA60ENDSi08XawGUVTCYzTW4Oq4FfDS6PKqe1cWpLZIfskgMSkGN ySs7JBakTThLySJ7Ji/fkvXpv3vtP64w3ntkmf+B9fAPY8JzK</latexit>
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FIG. 1. Upper panel: a standard Bell nonlocality scenario. In
each round of the experiment, party A (B) chooses measure-
ment x (y) to perform on its respective subsystem, obtaining
outcome a (b). The experiment is described by the condi-
tional probabilities p(a, b|x, y). Lower panel: a Bell nonlo-
cality scenario where party B is able to perform compatible
measurements. Now, in each round, party B chooses two (or
more, according to the context) measurements to be jointly
performed, y and y′, obtaining outcomes b and b′, respectively.
The experiment is described by the conditional probabilities
p(a, b, b′|x, y, y′); defining y = (y, y′) and b = (b, b′), the same
conditional probabilities can be written as p(a, b|x, y).
We define a behavior to be local in this scenario if
there are a variable λ, a probability distribution q(λ),
and probability distributions p(a|x, λ) and p(b|y, λ) such
that
p(a, b|x, y) =
∑
λ
q(λ)p(a|x, λ)p(b|y, λ). (6)
Here, p(a|x, λ) can be assumed to be deterministic prob-
ability distributions. This is due to the fact that the set
of marginal behaviors pA = {p(a|x)} is a convex set with
finitely many extremal points, i.e., a polytope, whose ver-
tices are exactly the deterministic distributions that suf-
fice in the definition; let PA denote this polytope. The set
of marginal behaviors pB = {p(b|y)} is also a polytope,
since it is characterized by the intersection of a finite
number of subspaces, given by the no-disturbance condi-
tions Eq. (5), together with nonnegativity and normal-
ization conditions of probability distributions. As a poly-
tope, it has a finite number of extremal points; however,
they are not necessarily deterministic probability distri-
butions. Let PB denote this polytope, the no-disturbance
polytope of party B. It is easy to see, then, that, in this
definition, the joint behavior p = {p(a, b|x, y)} will be a
convex combination of a finite set of points, so the set of p
will also be a polytope, PAB , the local and no-disturbance
polytope; its vertices are all possible “products” between
the vertices of PA and PB .
Now, given that the set of local behaviors is a polytope
whose vertices are known (provided the vertices of PB
are known), we can change its representation by means
of specialized software, such as porta [26] or panda [27],
and obtain the inequalities associated to its facets. Such
inequalities will be Bell-like inequalities whose violation
certify Bell nonlocality, in the sense that these correla-
tions can not be explained locally, by Eq. (6).
III. COMPATIBLE MEASUREMENTS ON
QUANTUM SYSTEMS
In the measurement scenarios introduced in the previ-
ous section, it is assumed that compatible measurements
are performed by one or more of the parties. Thus, quan-
tum realizations of such measurement scenarios require
quantum measurements that are compatible according to
the predefined contexts.
In quantum theory, compatibility of measurements is
usually defined in terms of observables. An observable
is an Hermitian operator acting on the Hilbert space of
the quantum system, that is related to a projective mea-
surement by means of its spectral decomposition. Two
observables By and By′ are said to be compatible if they
commute, [By, By′ ] = ByBy′ − By′By = 0. This condi-
tion implies that both operators can be diagonalized in
the same basis, and that a third operator that represents
the joint action of them can be defined.
Let By =
∑
b bQb|y and By′ =
∑
b′ b
′Rb′|y′ be the spec-
tral decompositions of observables By and By′ , where
b and b′ are their respective eigenvalues and Qb|y and
Rb′|y′ are projectors onto subspaces – not necessarily one-
dimensional – of the local Hilbert space of Bob’s system.
A sufficient condition for the observables to commute is[
Qb|y, Rb′|y′
]
= 0 for all b and b′. We, thus, use this
condition to define a pair of compatible projective mea-
surements, as the following. Let
{
Qb|y
}
and
{
Rb′|y′
}
be
projective measurements labeled by y and y′. They are
compatible if, for all b and b′,
[
Qb|y, Rb′|y′
]
= 0 holds.
As previously, defining b = (b, b′) and y = (y, y′) allows
us to write the joint projective measurement as
{
Sb|y
}
,
where each projector is given by Sb|y = Qb|yRb′|y′ . This
construction can be directly extended to contexts that
4involve more than two measurements.
The same definition can be extended to POVMs, as fol-
lows. Let
{
Qb|y
}
and
{
Rb′|y′
}
be POVM measurements
labeled by y and y′, i.e., Qb|y ≥ 0 for all b, Rb′|y′ ≥ 0
for all b′, and
∑
bQb|y =
∑
b′ Rb′|y′ = 1, the identity op-
erator. Then, if, for all b and b′,
[
Qb|y, Rb′|y′
]
= 0, we
define measurements y and y′ to be compatible, and a
joint POVM can be defined as
{
Sb|y
}
, where each POVM
element is given by Sb|y = Qb|yRb′|y′ – note that the com-
mutation relations imply that the product of the positive
semi-definite operators is itself positive semi-definite, and
it is easy to see that
∑
b Sb|y =
∑
b,b′ Qb|yRb′|y′ = 1.
Now, consider a bipartite measurement scenario where
one of the parties, Bob, is able to implement compatible
measurements on his subsystem, as defined in Sec. II and
depicted in the lower panel of Fig. 1. Assuming the mea-
surements are performed on a shared quantum system in
state ρ, the joint probabilities of obtaining outcomes a
and b for respective measurements x and y are given by
p(a, b|x, y) = tr (ρPa|x ⊗ Sb|y) , (7)
where {Pa|x} and {Sb|y} are, in general, POVM mea-
surements, with, as previously discussed, the elements of
the later given by Sb|y = Qb|yRb′|y′ , where {Qb|y} and
{Rb′|y′} are POVMs associated to measurements y and
y′, respectively, respecting
[
Qb|y, Rb′|y′
]
= 0 for all b and
b′.
Regarding the nonlocality of quantum systems, an im-
portant question is whether scenarios with compatible
measurements may activate the nonlocality of entangled
states that are local in standard Bell scenarios. Let us
first define locality of quantum states in standard Bell
scenarios and in scenarios extended with compatibilities.
Let ρ be a density operator acting on H = HdA⊗HdB ,
where dA and dB are the dimensions of the Hilbert spaces
associated to the subsystems A and B, respectively. We
define ρ to be local if, for all POVMs {Pa|x} acting on
HdA and {Qb|y} acting on HdB , there exist a variable λ
in a set Λ and probability distributions q(λ), p(a|x, λ)
and p(b|y, λ) such that
tr
(
ρPa|x ⊗Qb|y
)
=
∫
Λ
p(a|x, λ)p(b|y, λ)q(λ)dλ. (8)
If, in particular, Eq. (8) holds for projective measure-
ments, then we say ρ is local with respect to projective
measurements.
Now, let Hd′B be a Hilbert space associated to subsys-
tem B, where d′B ≥ dB , and let ρ′ denote state ρ trivially
embedded in H = HdA ⊗Hd′B . We define ρ to be local in
an extended Bell scenario – or extended-local, for short
– if, for all POVMs {Pa|x} acting on HdA , and for all
compatible pairs of POVMs {Qb|y} and {Rb′|y′} acting
onHd′B , there exist a variable λ in a set Λ and probability
distributions q(λ), p(a|x, λ), and no-disturbing probabil-
ity distributions p(b, b′|y, y′, λ) such that
tr
(
ρ′Pa|x ⊗Qb|yRb′|y′
)
=
∫
Λ
p(a|x, λ)p(b, b′|y, y′, λ)q(λ)dλ. (9)
In Appendix A we prove the following:
Theorem: If ρ is extended-local, then ρ is local.
Since the above theorem does not guarantee the equiv-
alence between locality and extended-locality of quantum
states, it could be the case that a local quantum state ρ
could lead to a nonlocal behavior in a scenario with com-
patible measurements; in other words, a scenario with
compatible measurements could activate the nonlocality
of ρ. However, even if the converse of the theorem is true
and equivalence between locality and extended-locality
as properties of quantum states holds, a scenario with
compatible measurements could be more economical, in
terms of the number of measurements, for instance, than
a standard Bell scenario to display nonlocal behavior of
a quantum state.
In the following section, we present, in some detail,
an interesting and simple example of Bell scenario with
local compatible measurements where these approaches
and scenario provide an advantage for the detection of
nonlocality of two important families of quantum states,
as compared to similar standard Bell scenarios.
IV. APPLICATION
Consider a bipartite scenario where Alice is able to
choose between two dichotomic measurements to per-
form, so A = {±1}, X = {0, 1}, and Bob is able to
perform four dichotomic measurements, B = {±1} and
Y = {0, 1, 2, 3}, assumed to be compatible according to
the contexts C = {{0, 1}, {1, 2}, {2, 3}, {3, 0}}. In this
scenario, a behavior p will have 64 components; however,
due to normalization, no-signalling, and no-disturbance,
only 26 components will be independent. Due to this rea-
son, it is convenient to work with correlators instead of
probabilities. Defining new random variables Ax, By and
By = By1By2 , valued on the set {±1}, to represent the
outcomes of the respective measurements, the “full” cor-
relators are defined as the mean value of their product,
as follows:
〈AxBy〉 = p(ab1b2 = 1|x, y)− p(ab1b2 = −1|x, y), (10)
for all x ∈ X and y ∈ C, (b1, b2) being the respective out-
comes of measurements (y1, y2) = y. “Marginal” correla-
tors 〈Ax〉, 〈By〉, 〈By〉, 〈AxBy〉, for all x ∈ X , y ∈ Y and
y ∈ C, are analogously defined with the corresponding
marginal probability distributions. The behaviors will,
then, be vectors ~c ∈ Rd, where each component is a cor-
relator. It is easy to check that there are exactly 26
correlators in total, so d = 26; and, given the correlators,
5all the 64 probabilities can be retrieved as
p(a, b|x, y) = 1
8
[1 + a 〈Ax〉+ b1 〈By1〉+ b2 〈By2〉
+ b1b2 〈By〉+ ab1 〈AxBy1〉
+ ab2 〈AxBy2〉+ ab1b2 〈AxBy〉] . (11)
Now, we want to characterize the facets of the local
and no-disturbance polytope of the scenario, PAB . The
first step is to obtain all the extremal points of Bob’s
no-disturbance polytope. In all scenarios where the com-
patibility relations among dichotomic measurements are
cyclic, it is known [28] that the extremal points of the
no-disturbance polytope, up to outcome or measurement
relabellings that respect the compatibility relations[? ],
are either of the form [? ]
〈By〉 = ±1 (12a)
〈By〉 =
∏
y∈y
〈By〉 , (12b)
for all y ∈ Y and y ∈ C, or of the form
〈By〉 = 0, ∀ y ∈ Y; (13a)
〈By〉 ∈ {±1}, ∀ y ∈ C, s. t.
∏
y
〈By〉 = −1. (13b)
Then, the extremal points of the local, locally no-
disturbing polytope will be behaviors whose bipartite
correlators are of the form
〈AxBy〉 = 〈Ax〉 〈By〉 , (14a)
〈AxBy〉 = 〈Ax〉 〈By〉 , (14b)
where 〈Ax〉 ∈ {±1} and the behavior of Bob’s box is
given by either Eqs. (12) or Eqs. (13), for all x ∈ X ,
y ∈ Y and y ∈ C.
Having all the extremal points, we used panda to ob-
tain the facets of the local, no-disturbance polytope. We
found 26 classes of inequalities, all of which are given in
Appendix B. This result should be contrasted to the fact
that, in standard bipartite Bell scenarios where no as-
sumption regarding compatibility is made, if the number
of measurements of one of the parties is 2 and they are
dichotomic, the only Bell inequality, up to rellabelings,
is the CHSH inequality, as has been proven by Pironio in
Ref. [24].
Actually, the compatibility relations we assume can
be implemented in a tripartite Bell scenario, if we assign
measurements B0 and B2 to one party (say, Bob0) and B1
and B3 to another (say, Bob1). Due to this reason, some
of the inequalities we obtain are equivalent to Sliwa’s in-
equalities [31] (see discussion in Appendix C), the Bell
inequalities that completely characterize the local poly-
tope in a tripartite scenario where each party is able to
perform two dichotomic measurements. Note, however,
that, had we assumed another compatibility structure for
Bob’s measurements, e.g., if the compatibility graph G
was a pentagon instead of a square, than it would not
be possible to relate the scenario to any usual Bell sce-
nario, since it would not be possible to assign subsets of
measurements to two or more parties in a way that is
consistent with the the assumed compatibilities [? ].
Among the 26 inequalities we obtain, one has the form
2 〈B0〉+ 〈(1−B0)[A0(B1 +B3) +A1(B1 −B3)]〉 ≤ 2.
(15)
Note that the term in square brackets corresponds to the
left-hand side of a CHSH inequality between Alice and
measurements 1 and 3 of Bob. To study the quantum
violation of inequality Eq. (15), it is convenient to define
observables
Ax = P+|x − P−|x, (16a)
By = Q+|y −Q−|y, (16b)
where Pa|x and Qb|y are projectors associated to out-
comes a and b of measurements x and y, respec-
tively, so the correlators will be evaluated as 〈AxBy〉 =
tr (ρAx ⊗By), where By = By1By2 , and [By1 , By2 ] = 0
for all y ∈ C.
Inequality Eq. (15) is equivalent to the class #4 of
Sliwa [31]. For quantum systems, it is maximally vio-
lated up to the value 4
√
2 − 2, attained by a two-qubit
maximally entangled state embedded in C2⊗C4 [32]. We
now show that this inequality can certify the nonlocal-
ity of bipartite quantum states that do not violate the
CHSH inequality.
Consider the following two-parameter family of two-
qubit states
ρ (α,w) = w |ψ(α)〉〈ψ(α)|+ (1− w) |00〉〈00| , (17a)
where
|ψ(α)〉 = √α |01〉+√1− α |10〉 . (17b)
This family is known to include the two-qubit states with
highest entanglement (as quantified by negativity and
concurrence) that do not violate the CHSH inequality
[33]. We, then, perform a seesaw optimization, embed-
ding the states in C2 ⊗ C4 to impose the compatibility
relations among the measurements (details in the Ap-
pendix D), and search for the lowest value of w such that
the inequality is violated, for each α. The results are dis-
played in Fig. 2, where we also plot the critical values of
w as a function of α for the CHSH inequality, provided by
means of the Horodecki criterium [34], and upper bounds
on the critical values of w, obtained by means of a see-
saw optimization, for the I3322 inequality [25] – a relevant
Bell inequality in the scenario where Alice and Bob per-
form three dichotomic measurements each – , given by
the expression
−〈A1〉−〈A2〉−〈B1〉−〈B2〉−〈A1B1〉−〈A2B1〉−〈A3B1〉
− 〈A1B2〉− 〈A2B2〉+ 〈A3B2〉− 〈A1B3〉+ 〈A2B3〉 ≤ 4.
(18)
6In fact, the state ρ (0.80, 0.85) in family Eq. (17) was
the example considered in Ref. [25] of a state that does
not violate the CHSH inequality, that, however, violates
I3322. In Ref. [35], the authors show that, for α = 0.80,
inequality I3322 is violated for w & 0.837, in excellent
agreement with the value 0.838 we obtain, corroborating
with the precision of our lower bounds.
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FIG. 2. For states ρ (α,w) defined in Eq. (17), the plot shows
the critical parameter w, as a function of α, above which
inequality Eq. (15) is violated (red circles), above which the
CHSH inequality is violated (black squares), and above which
the I3322 inequality is violated (blue triangles). The points
for inequalities Eq. (15) and I3322 were obtained via a see-saw
optimization, and are, hence, upper bounds on the actual
critical points. The points for the CHSH are exact, obtained
by means of Horodecki’s necessary and sufficient criterium
for violation of the CHSH inequality by two-qubit states [34].
Inequality Eq. (15) is denoted I#15 for consistency with the
appendices and the data related to the red points, which are
available at Ref. [30].
Now, consider the following two-parameter family of
two-qubit states
σ (α,w) = w |ψ(α)〉〈ψ(α)|+ (1− w)1/4, (19a)
where, as previously,
|ψ(α)〉 = √α |01〉+√1− α |10〉 . (19b)
For α = 1/2, the states obtained are locally equivalent
to two-qubit Werner states, known to be entangled for
w > 1/3, and local with respect to projective measure-
ments for w . 0.68 [29]. The best-known bounds on the
locality of the states in family Eq. (19) are provided in
Ref. [13]. Applying the same methods adopted in the
previous example, we were able to obtain upper bounds
on the values of w, as a function of α, above which states
Eq. (19) violate inequality Eq. (15). Results are shown in
Fig. 3, where it is clear that inequality Eq. (15) is better
than the CHSH inequality to witness the nonlocality of
this family of states specially in the range 0.7 < α < 1.
Note that, compared to Fig. 2, points corresponding the
the I3322 inequality are absent, and this is due to the
fact that I3322 does not provide any advantage over the
CHSH inequality to witness the nonlocality of this family
of states.
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FIG. 3. For states σ (α,w) defined in Eq. (19), the plot
shows the critical parameter w, as a function of α, above
which inequality (15) is violated (red circles), and above which
the CHSH inequality is violated (black squares). The points
for inequality (15) were obtained via a see-saw optmization,
and are, hence, upper bounds on the actual critical points.
The points for the CHSH are exact, obtained by means of
Horodecki’s necessary and sufficient criterium for violation of
the CHSH inequality by two-qubit states [34]. As in Fig. 2,
inequality (15) is denoted I#15 for consistency with the ap-
pendices and the data related to the red points, which are
available at [30].
V. DISCUSSION
Although the simple examples we consider are suffi-
cient evidence of the potential of the approach we in-
troduce, it is only the first step in a direction for the
study of Bell nonlocality. In principle, one could assume
a plethora of more intricate local compatibility structures
in scenarios with any number of parties, leading to a
range of Bell-like inequalities.
The specific compatibility structure we consider can
be realized – with some loss of generality – in a tripar-
tite scenario, where each party is able to perform two
dichotomic measurements. An advantage of the tripar-
tite implementation is that one does not need to assume
the compatibility relations; they would naturally hold
due to space-like separation of the parties, implying that
the test would be device-independent. Also, note that the
locality assumption in tripartite scenarios is more restric-
tive than the condition we demand in our scenario, since
each p (b|y, λ) is required to obey the nondisturbance con-
dition (5) in the latter, as opposed to strict locality, in
7the former. This shows that our local and nondistur-
bance polytope is strictly larger than the corresponding
tripartite local polytope; more explicitly, notice that any
vertex whose marginal behavior p (b|y) obeys Eqs. (13)
is not tripartite-local.
One interesting fact, however, that is discussed in more
detail in the Appendix C, is that some of the inequali-
ties we obtain are isomorphic to the tripartite inequali-
ties obtained by Sliwa [31], including Inequality Eq. (15).
This equivalence, together with the results presented in
this manuscript, prove that there are multipartite Bell
inequalities that are useful to witness the Bell nonlocal-
ity of bipartite quantum states in a subtler way than just
merging parts.
Two other scenarios that demand comparison are the
ones obtained when we consider joint measurements of
By and By+1 (addition modulo 4) as new measurements
B′y. In the first case, if we consider outcomes b
′
y = byby+1,
Bob will have four mutually incompatible dichotomic
measurements, and Ref. [24] shows that the only rel-
evant inequalities for describing the local polytope be-
long to CHSH family. Hence, our inequalities can show
nonlocal behavior not revealed when such coarse grained
version is considered. The specific inequality Eq. (15),
for example, could never be written in such a scenario,
since correlators like 〈By〉 or 〈AxBy〉 cannot be written
as functions of the probabilities of the outcomes of B′y.
In the second case, if we consider B′′y = (By, By+1), then
Bob will have four mutually incompatible four-outcome
measurements. Once more, Ref. [24] implies that only
CHSH inequalities are relevant for such a scenario, while
the extra correlations coming from each By being an el-
ement of B′′y and B
′′
y−1 also would make it a somehow
special realization of this Bell scenario (with such addi-
tional constraints).
Also, it is worth mentioning that somewhat similar
scenarios have been previously considered, with differ-
ent focuses and assumptions. In Ref. [18], the authors
present a formalism to study nonlocality in sequential
measurement scenarios, mainly focused on the proper
consequences due to the causal structures underlying the
sequences of measurements. In Ref. [36], the author ar-
gues, considering a bipartite scenario where one of the
parties is able to perform sequential measurements, that
local contextuality may lead to Bell nonlocality, although
the definition of locality adopted is somehow intrincated
and seems to implicitly assume local noncontextuality.
VI. CONCLUSION
In this manuscript we present an approach to Bell non-
locality, an approach that takes into account the possi-
bility that one (or more) of the parties is able to per-
form joint measurements according to given compatibil-
ity rules. We provide a precise definition of locality,
or, more specifically, of local behaviors in these scenar-
ios. Applying this definition, we completely character-
ize the set of local behaviors in the simplest scenario
with compatible measurements, and we show how this
approach leads to new, interesting Bell-like inequalities
that may provide advantages over known Bell inequali-
ties in witnessing the nonlocality of quantum states. We
discuss in some detail two examples where such advan-
tage appears; in particular, both families of states Eqs.
(17) and (19) show nonlocal behavior in a scenario with
compatible measurements for parameters where neither
CHSH, nor I3322, are able to witness it. In the sce-
nario considered, the compatibility relations can be im-
plemented in a device-independent manner, and, thus,
the examples show explicitly that this approach may pro-
vide advantages over standard Bell nonlocality for device-
independent certification of entanglement.
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Appendix A: Locality of quantum states in scenarios
with compatible measurements
In this Appendix, we prove that if a quantum state ρ
is local in a scenario with compatible measurements, it is
local in a standard Bell scenario. For simplicity, we have
assumed a scenario where compatibilities are present only
in party B, and each context is composed of two mea-
surements. However, the following Theorem would still
hold even under general definitions, which also take into
account compatibilities in party A and arbitrarily-sized
contexts in both parties.
Before proceeding, let us introduce notation and im-
portant definitions. Let ρ be a density operator acting
on H = HdA⊗HdB , where dA and dB are the dimensions
of the Hilbert spaces associated to the subsystems A and
B, respectively. We define ρ to be local if, for all POVMs
{Pa|x} acting on HdA and {Qb|y} acting on HdB , there
exist a variable λ in a set Λ and probability distributions
q(λ), p(a|x, λ) and p(b|y, λ) such that
tr
(
ρPa|x ⊗Qb|y
)
=
∫
Λ
p(a|x, λ)p(b|y, λ)q(λ)dλ. (A1)
8In the particular case where all measurements are as-
sumed to be projective, we say ρ is local with respect to
projective measurements.
Now, let Hd′B be a Hilbert space associated to subsys-
tem B, where d′B ≥ dB , and let ρ′ denote state ρ triv-
ially embedded in H = HdA ⊗ Hd′B . We define ρ to be
local in an extended Bell scenario with compatible mea-
surements in party B, or extended-local, for short, if, for
all POVMs {Pa|x} acting on HdA , and for all compati-
ble pairs of POVMs {Qb|y} and {Rb′|y′} acting on Hd′B ,
there exist a variable λ in a set Λ and probability distri-
butions q(λ), p(a|x, λ), and a no-disturbing probability
distribution p(b, b′|y, y′, λ) such that
tr
(
ρ′Pa|x ⊗Qb|yRb′|y′
)
=
∫
Λ
p(a|x, λ)p(b, b′|y, y′, λ)q(λ)dλ. (A2)
In the particular case where all measurements are as-
sumed to be projective, we say ρ is extended-local with
respect to projective measurements.
Theorem: If ρ is extended-local, then ρ is local.
Proof: Let ρ be extended-local, d′B = dB , and Rb′|y′ =
1/n, where n denotes the number of outcomes of the
measurement, for all b′ and y′, and 1 denotes the identity
operator in HdB . By assumption, for all POVMs {Qb|y}
acting on HdB Eq. (A2) holds. Now, marginalising over
b′:∑
b′
tr
(
ρPa|x ⊗Qb|yRb′|y′
)
=
∫
Λ
p(a|x, λ)
(∑
b′
p(b, b′|y, y′, λ)
)
q(λ)dλ; (A3)
leading to
tr
(
ρPa|x ⊗Qb|y
)
=
∫
Λ
p(a|x, λ)p(b|y, λ)q(λ)dλ; (A4)
which, by definition, holds for all POVMs {Pa|x} acting
on HdA and {Qb|y} acting on HdB . Thus, ρ is local.
Appendix B: Inequalities
In the scenario we have considered, Alice is able to
perform two dichotomic measurements, and Bob is able
to perform four dichotomic measurements; Bob’s mea-
surements, however, can be jointly performed accord-
ing to compatibility rules provided by the contexts C =
{{0, 1}, {1, 2}, {2, 3}, {3, 0}}.
Using the representation of correlators, we have listed
all extremal points of the polytope of behaviors that are
local, according to the definition we provided in the main
text, such that Bob’s marginal behaviors respect the no-
disturbance conditions. Bob’s extremal marginal behav-
iors belong to either one of two distinct classes:
(i) noncontextual behaviors: are behaviors of the form
〈By〉 = ±1 (B1a)
〈By〉 =
∏
y∈y
〈By〉 , (B1b)
for all y ∈ Y and y ∈ C;
(ii) contextual, no-disturbing behaviors: are behaviors
of the form
〈By〉 = 0, ∀ y ∈ Y; (B2a)
〈By〉 ∈ {±1}, ∀ y ∈ C, s. t.
∏
y
〈By〉 = −1. (B2b)
Then, the extremal points of the local, locally no-
disturbing polytope will be behaviors whose bipartite
correlators are of the form
〈AxBy〉 = 〈Ax〉 〈By〉 , (B3a)
〈AxBy〉 = 〈Ax〉 〈By〉 , (B3b)
where 〈Ax〉 ∈ {±1} and the behavior of Bob’s box is
given by either Eqs. (B1) or Eqs. (B2), for all x ∈ X ,
y ∈ Y and y ∈ C.
Having listed all the extremal points of the the local,
no-disturbance polytope, we used the software panda [27]
to change the representation of the polytope, and we ob-
tained 26 inequalities, up to rellabelings that respect the
local compatibility rules. These inequalities are listed in
Table I. This table should be read as follows: each row
represents an inequality, labeled by the number in the
first column. Each column, then, has the coefficient of
the correlator represented in the heading, where the mea-
surements x, y1, and y2 are the corresponding numbers
in the second row. The second to last column refers to
the local bound βL of each inequality. In the last column,
we list the quantum maxima βQ (exact up to the given
precision) of each inequality. The maxima were upper
bounded by means of the Navascue´s-Pironio-Ac´ın [37] hi-
erarchy of semidefinite programs that outerapproximate
the set of quantum correlations, implemented in python
with the aid of the NCPOL2SDPA [38] library. The val-
ues listed correspond to the third level of the hierarchy,
and the optimizations were performed with the MOSEK
[39] solver. We have also computed lower bounds on the
maxima by means of a seesaw optimization, detailed in
Appendix D. The lower and upper bounds on quantum
maxima obtained differ by less than 5 × 10−4 for all in-
equalities; on average, they differ by 3 × 10−5. For the
15 inequalities that are equivalent to Sliwa’s inequalities,
our results are in perfect agreement with those of [32, 40],
where, among other results, quantum maxima are com-
puted and analyzed for all Sliwa’s inequalities.
As an example, consider inequality 25. It is
〈A0B0〉+ 〈A0B2〉+ 〈A1B0〉+ 〈A1B2〉+ 2 〈A0B0B1〉
+ 〈A0B2B3〉 − 〈A0B3B0〉 − 2 〈A1B0B1〉
+ 〈A1B2B3〉 − 〈A1B3B0〉 ≤L 4 ≤Q 5.6568 (B4)
9Appendix C: Relation to Sliwa’s inequalities
Note that the particular scenario we consider share
some similarity with a tripartite Bell scenario, where each
party is able to perform two dichotomic measurements;
the correspondence becomes explicit if one considers B0
and B2 as the possible measurements of a second party,
while B1 and B3 are the possible choices of a third party.
This Bell scenario has been studied by Sliwa [31], who
obtained 46 distinct classes of Bell inequalities by assum-
ing full locality between the three parties. Had we con-
sidered only noncontextual marginal behaviors of Bob,
Eq. (12), the inequalities obtained would be all equiv-
alent to Sliwa’s 46 inequalities. However, by including
points of the form of Eq. (13) (i) we obtain inequalities
that are not equivalent to Sliwa’s; and (ii) any violation of
the inequalities is a certification of bipartite nonlocality,
a fact that would not be true otherwise, since stronger-
than-classical (contextual) correlations in the marginal
behavior of Bob could lead to violations of the inequali-
ties obtained solely via Eq. (12).
Sliwa’s inequalities are, as discussed, related to a poly-
tope that is contained in the local, no-disturbance poly-
tope we characterize. It would not be surprising, then, if
some of the facets of the polytope were equivalent to the
inequalities of Sliwa, and this is exactly what we observe.
For the 15 inequalities we obtained that are equivalent to
an inequality of Sliwa, we provide in the second column
of Table I the number referring to the enumeration in
Ref. [31].
Appendix D: Seesaw optimization
To compute lower bounds on the maximum quantum
violation of the 26 inequalities we study, as well as the
bounds on the critical parameters of the family of quan-
tum states we present in the main text, we implemented
variations of an optmization algorithm known as see-saw
iteration, introduced by Werner and Wolf in Ref. [41].
Our implementation follows the steps described in Sec.
II.B.3 of Ref. [35], with minor adjustments.
For standard Bell inequalities where the parties per-
form dichotomic measurements, the algorithm is based
on the idea that, if the quantum state and the measure-
ments of all but one of the parties are fixed, then optmiza-
tion over the measurements of the remaining party can
be carried out explicitly. Consider, for clarity, a bipartite
scenario; extensions to multipartite ones are straightfor-
ward. Let the operator associated to a given Bell inequal-
ity be
β =
mA∑
x=1
mB∑
y=1
1∑
a=−1
1∑
b=−1
ca,bx,yPa|x ⊗Qb|y, (D1)
where x (y) labels the choice among the mA (mB) possi-
ble measurements of party A (B), a (b) labels the possible
outcomes, Pa|x (Qb|y) is the measurement operator asso-
ciated to outcome a (b) of measurement x (y), and ca,bx,y
are the respective coefficients that define the inequality.
Then, the quantum average value of the inequality can be
written, as a function of the state ρ and the measurement
operators, as
SP (ρ,
{
Pa|x
}
,
{
Qb|y
}
) =
∑
b,y
tr
[
ρQb|yQb|y
]
, (D2a)
where
ρQb|y =
∑
a,x
ca,bx,ytrA
[
ρ(Pa|x ⊗ 1)
]
, (D2b)
where trA (.) denotes the partial trace over subsystem A.
For fixed ρ and Pa|x, SP is a linear function of Qb|y. And,
since Q1,y = 1−Q−1|y, we have∑
b=±1
tr
(
ρQb|yQb|y
)
=
tr
((
ρQ+1|y − ρQ−1|y
)
Q+1|y
)
+ tr
(
ρQ−1|y
)
. (D3)
This expression can be optimized by setting Q+1|y equal
to the projector onto the positive subspace of ρQ+1|y −
ρQ−1|y . This procedure can, then, be iterated, so opti-
mization can be carried over all measurements of all par-
ties. If desired, then the quantum state can be optimized
over, in an even simpler fashion: In any step, the optimal
quantum state can be taken as a pure state given by an
eigenvector of β associated to its maximal eigenvalue.
Note that the first step of the seesaw algorithm al-
ready requires a choice of state and measurements, so
they should be randomly generated in the beginning of
the process. Although it is clear that the algorithm will
converge after a sufficient number of steps, one cannot
guarantee that it will converge to the global maximum
of the problem. Any solution, however, is a lower bound
to the optimal solution, so it is recommended to restart
the algorithm with as many random “seeds” as feasible.
The scenario we consider, as discussed in the previ-
ous section, is similar to a tripartite scenario where each
of the three parties is able to perform two dichotomic
measurements. Our implementation makes use of this
similarity, assuming measurements B1 and B3 are im-
plemented by a third party. On one hand, this assump-
tion guarantees the compatibility relations assumed in
the scenario; on the other hand, it leads to loss of gener-
ality. This is one more reason (despite the fact that the
see-saw does not necessarily converge to the global max-
imum) that advocates against optimality of the bounds
computed via this method.
Our goal was to compute upper bounds on the critical
values of w, as a function of α, such that the two families
of states
ρ = w |ψ(α)〉〈ψ(α)|+ (1− w) |00〉〈00| , (D4a)
and
σ (α,w) = w |ψ(α)〉〈ψ(α)|+ (1− w)1/4, (D4b)
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# # S 〈Ax〉 〈By〉 〈AxBy〉 〈By1By2〉 〈AxBy1By2〉 βL βQ
0 1 0 1 2 3 00 01 02 03 10 11 12 13 01 12 23 30 001 012 023 030 101 112 123 130
1 1 1 0 1 1 0 0 -1 -1 0 0 0 0 0 0 -1 0 0 0 1 0 0 0 0 0 0 0 1 1.000
2 - 2 0 1 0 1 0 0 2 0 0 1 0 -1 0 0 0 1 1 -1 -1 -1 -1 -1 1 0 0 4 5.656
3 - 2 0 1 0 1 0 0 0 0 0 1 2 -1 0 0 0 1 1 -1 1 -1 -1 -1 -1 0 0 4 5.000
4 - 2 0 0 0 0 0 2 1 0 1 0 1 0 -1 -1 1 1 -1 0 -1 -1 0 -1 0 0 1 4 5.656
5 - 2 0 0 0 0 0 1 1 1 1 1 1 -1 -1 -1 1 -1 1 0 -1 0 -1 -1 0 1 0 4 5.753
6 - 2 0 0 0 0 0 0 0 0 0 2 2 0 0 -1 1 1 -1 -1 -1 -1 1 0 0 0 0 4 5.000
7 - 1 1 1 0 1 0 1 1 0 0 0 -1 -1 2 -1 -1 0 0 0 1 1 -1 1 0 -1 -1 4 5.656
8 - 1 1 1 0 1 0 1 2 0 1 0 0 -1 -1 0 0 -1 -1 -1 -1 1 0 -1 1 0 1 4 5.753
9 - 1 1 0 0 0 0 2 2 1 1 0 0 -1 -1 -1 -1 -1 -1 0 0 1 0 -1 1 0 1 4 5.656
10 - 1 1 0 0 0 0 2 1 1 0 0 1 -1 0 -1 1 1 -1 0 -1 0 0 -1 0 -1 1 4 5.656
11 17 1 1 0 0 0 0 1 1 0 0 1 1 0 0 0 0 0 0 -1 0 2 0 -1 0 -2 0 4 5.656
12 6 1 0 1 1 0 0 0 0 1 1 1 -1 -1 1 1 0 0 0 -1 -1 0 -1 0 1 0 -1 3 4.656
13 - 1 0 1 1 0 0 0 0 1 1 1 1 1 1 -1 0 0 0 1 -1 -2 -1 0 -1 2 -1 5 7.012
14 - 1 0 1 1 0 0 0 0 1 1 1 1 1 1 -1 0 0 0 1 -1 2 -1 0 -1 -2 -1 5 6.656
15 4 0 0 2 0 0 0 0 1 0 1 0 1 0 -1 0 0 0 0 -1 0 0 -1 -1 0 0 1 2 3.656
16 19 0 0 1 0 1 0 1 2 1 2 0 0 0 0 0 0 -1 -1 -1 -1 0 0 1 -1 1 -1 4 5.782
17 18 0 0 1 0 1 0 1 2 1 0 0 0 0 2 -1 -1 0 0 0 0 1 -1 1 -1 -1 -1 4 5.753
18 15 0 0 0 0 0 0 2 2 2 2 0 0 0 0 -1 -1 -1 -1 0 0 0 0 1 -1 1 -1 4 6.000
19 14 0 0 0 0 0 0 2 1 0 1 2 -1 0 -1 0 0 0 0 0 1 -1 0 0 -1 1 0 4 5.656
20 12 0 0 0 0 0 0 2 1 0 1 0 1 2 1 -1 -1 -1 -1 0 1 -1 0 -1 0 0 1 4 5.656
21 14 0 0 0 0 0 0 2 0 2 0 0 0 0 0 1 -1 1 -1 0 0 0 0 1 -1 -1 1 4 5.656
22 13 0 0 0 0 0 0 2 0 2 0 0 0 0 0 0 0 0 0 1 -1 1 -1 1 -1 -1 1 4 5.656
23 11 0 0 0 0 0 0 2 0 0 0 0 0 2 0 0 0 0 0 1 1 1 -1 -1 -1 1 -1 4 5.656
24 10 0 0 0 0 0 0 1 1 1 1 1 -1 1 -1 1 -1 1 -1 1 0 -1 0 0 -1 0 1 4 4.000
25 9 0 0 0 0 0 0 1 0 1 0 1 0 1 0 0 0 0 0 2 0 1 -1 -2 0 1 -1 4 5.656
26 3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 1 0 -1 0 2 2.828
TABLE I. All 26 classes of inequalities that are facets of the local, no-disturbing polytope of the measurement scenario we
introduce, displayed as coefficients of correlators. Some of the inequalities are equivalent to Sliwa’s inequalities [31]; the
corresponding class in Ref. [31] is displayed in the second column, #S. The second-to-last column displays the local bounds of
the inequalities, and the last column displays their respective maximal quantum violations, exact, up to the given precision.
where
|ψ(α)〉 = √α |01〉+√1− α |10〉 , (D4c)
violates inequality #15 (we have numerical evidence that
this is the best inequality among the ones we listed to
witness the nonlocality of such states). The code was
implemented in MATLAB, with the aid of the QETLAB [42]
library. In both cases, we suppose a system with local
Hilbert spaces HA = C2 and HB = C4, where the states
Eqs. (D4a) and (D4b) are embedded trivially (meaning
that, for party B, the elements of the computational ba-
sis of C2, according to which states Eqs. (D4a) and (D4b)
are defined, are mapped to two elements of the compu-
tational basis of C4), with Bi = B˜i ⊗ 12, for i ∈ {0, 2},
and Bj = 12 ⊗ B˜j , for j ∈ {1, 3}, where B˜i acts in C2
and 12 is the identity operator in the same space. Then,
for each of 100 values of α equally spaced in the interval
[1/2, 1], we start with w = 3/4 and run the seesaw with
at most 500 random ‘seeds’ – projective measurements
for all parties, and a random local unitary U acting on
C4 that we apply to the state, so it is not always fixed
in the same basis as the virtual parties B and C are di-
vided. The process is iterated eight times for different
values of w, which is updated according to a bissection
scheme: If a violation of the inequality is obtained in it-
eration i, then value of w is updated to w − 2−(i+2); if,
after all seeds, no violation is obtained, then the value of
w is updated to w + 2−(i+2).
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